Abstract. The reduction number of monomial ideals in the polynomial K[x, y] is studied. We focus on ideals I for which J = (x a , y b ) is a reduction ideal. The computation of the reduction number amounts to solve linear inequalities. In some special cases the reduction number can be explicitly computed.
Introduction
Let K be a field. In this paper we study monomial ideals in the polynomial ring K[x, y] for which J = (x a , y b ) is a reduction ideal for suitable integers a, b ≥ 1. We denote this class of ideals by I a,b . Thus I ∈ I a,b if and only if I r+1 = JI r for some integer r ≥ 0. The smallest integer r, with this property, denoted r(I), is called the reduction number of I with respect to J. The main concern of this paper is to bound r(I) and to compute it explicitly in some special cases.
The monomial ideals belonging to I a,b can be described as follows: for u ∈ K[x, y], u = x c y d , let ν(u) = a/c + b/d. Then it is easy to see that I ∈ I a,b if and only if ν(u) ≥ 1 for all u ∈ I. We call an ideal I ∈ I a,b quasi-equigenerated, if ν(u) = 1 for all u ∈ G(I). Here G(I) is the unique set of minimal monomial generators of I. Note that I ∈ I a,b is quasi-equigenerated if and only if all monomial generators of I are of degree ab with the respect to the non-standard grading of K[x, y] given by deg(x) = b and deg(y) = a. The set of quasi-equigenerated ideals in I a,b we denote by I Vasconcelos [10] gives an upper bound for the reduction number of the graded maximal ideal of a standard graded K-algebra A in terms of the arithmetic degree A. This bound applied to the fiber F (I) of I yields the inequality r(I) < arith-deg(F (I)). In general the arithmetic degree is hard to compute, but in the case that I is quasi-equigenerated, the arithmetic degree of F (I) coincides with the multiplicity e(F (I)) of F (I). This fact enables us to show that r(I) < g/ gcd(A) for I ∈ I 1 a,b with r(I) = j. We expect that lim a→∞ m a (j)/m a exists and is equal to 0. This can be easily shown for j = 1. On the other hand, if one asks a similar question for 3-generated ideals, then by using a famous result from number theory due to Hardy and Wright [6] , we show in Proposition 3.5 that such a limit does not always exist.
In Section 4 we consider more closely the reduction number of monomial ideals in . By what we said before it follows that R (a,b) ⊆ {1, . . . , min{a, b} − 1}. In general, the difference between these two sets can be as big as we want. Indeed, in Proposition 4.5 we show that for any prime number p ≥ 2 we have (p − 1) − |R (p,p) | ≥ (p − 1)/2 − 1. In contrast to this result we show in Proposition 4.6 that for any integer a ≥ 2 we have b R (a,b) = {1, . . . , a − 1}.
A comparison between the reduction number of an ideal I ∈ I a,b and its quasiequigenerated part I 0 ∈ I 1 a,b is made in Section 5. It is shown in Proposition 5.1 that r(I 0 ) ≤ r(I). In the case that I = I A + I ′ where I ′ = (u : ν(u) > r), this comparison shows that the upper bound given by Gruson, Lazardsfeld and Peskine [2] holds for r(I), even if I is not quasi-equigenerated. This fact applies in particular to lex ideals in I a,b when a < b.
In the following Section 6 we prove the surprising fact, shown in Corollary 6.2, that for any monomial ideal in I ∈ I a,b there exist unique monomial ideal I ⊆ L with r(L) = 1 and such that r(L ′ ) > 1 for all L ′ with I ⊆ L ′ ⊂ L. Then in Theorem 6.4 we compute all the generators of L when I itself is generated by 3 elements. Finally in the last section we study the reduction number of powers of ideals belonging to I a,b . By a result of Hoa [4, Proposition ] , r(I k ) ≤ ⌈(r(I) − 1)/k⌉ + 1 for I ∈ I a,b . This implies in particular that r(I kl ) ≤ r(I l ) for all k, l ≥ 1. However, we do not know whether r(I k+1 ) ≤ r(I k ) for all k ≥ 0. In Theorem 7.2 all ideals I ∈ I with the property that r(I k ) = 1 for k ≫ 0 are characterized, and it is shown that if r(I k 0 ) = 1 for some k 0 , then r(I k ) = 1 for k ≥ k 0 . In Proposition 7.4 we show that for I ∈ I 1 a,b the number inf {k : r(I k ) = 1} can take any value between 1 and gcd(a, b) − 2, and in Proposition 7.1 it is shown that for k ≥ a − 2, r(I k ) is constant 1 or constant 2 for all I ∈ I a,a , depending on xy a−1 , x a−1 y belong to I or not belong to I.
Preliminaries
Let R be a Noetherian ring and I ⊂ R be an ideal. An ideal J ⊆ I is called a reduction ideal of I, if I k+1 = JI k for some k ≥ 1. The smallest number k for which I k+1 = JI k is called the reduction number of I with respect to J, and is denoted by r J (I). Definition 1.1. Let K be a field and S = K[x 1 , . . . , x n ] the polynomial ring over K in n interminates. Let I ⊂ S be a monomial ideal. A monomial reduction of I is a monomial ideal J ⊂ I which is a reduction ideal of I. A monomial reduction ideal J of I is called a minimal monomial reduction ideal of I, if any monomial ideal L which is properly contained in J, is not a reduction ideal of I.
In order to describe the minimal monomial reductions of a monomial ideal, we introduce some notation. Let u = x
an n be a monomial in S. Then a = (a 1 , a 2 , . . . , a n ) is called the exponent vector of u, and we write u = x a . By a result of Singla [7, Proposition 2.1], I admits a unique minimal monomial reduction. More precisely, she shows the following:
. . , x n ] be a monomial ideal, and conv(I) be the convex hull of the set {a ∈ R n : x a ∈ I}. Then conv(I) is a polyhedron. Let {a 1 }, . . . , {a r } be the 0-dimensional faces of conv(I). Then J = (x a 1 , . . . , x ar ) is the unique minimal monomial reduction of I.
For example, let I = (x 7 , x 6 y 2 , x 3 y 3 , x 2 y 5 , xy 6 , y 10 ). Then J = (x 7 , x 3 y 3 , xy 6 , y 10 ) is the unique minimal monomial reduction of I. Figure 1 demonstrates this theorem in our example.
Since the minimal monomial reduction ideal J of a monomial ideal I is uniquely determined, we simply write r(I) for r J (I), if consider the monomial reduction number of I. Now let I be a monomial ideal of height 2 in K[x, y]. It is customary to denote by G(I) the unique minimal set of monomial generators of I. Since height(I) = 2, the ideal I contains pure powers of x and y.
minimal monomial reduction ideal of I, if and only if for all
Proof. Let L be the line in R 2 passing through the points (a, 0) and (0, b). Then L = {(x, y) : bx + ay = ab}. Let H 
Note that for any two monomials u, v ∈ K[x, y] one has ν(uv) = ν(u) + ν(v).
We denote by I a,b the set of monomial ideals I ⊂ K[x, y] with x a , y b ∈ G(I) and ν(u) ≥ 1 for all u ∈ G(I). By Corollary 1.3, the monomial ideals I ∈ I a,b are precisely the monomial ideals in K[x, y] for which J = (x a , y b ) is the (unique) minimal monomial reduction ideal.
Furthermore, we denote by I Let L 0 ⊂ L be the line segment connecting (a, 0) and (0, b), and let g = gcd(a, b). Then
is the set of integer points on L 0 . Thus, if I ∈ I There is a strong relationship between reduction numbers of an ideal I and algebraic invariants of the fiber cone of I. For a graded ideal I in the polynomial ring S = K[x 1 , . . . , x n ], K is a field, the fiber cone of I is defined to be the graded K-algebra
where m = (x 1 , . . . , x n ) is the graded maximal ideal of S. 
Proof. Let r = r(I), then I r+1 = JI r . Hence, I r+1 /mI r+1 = (J + mI)/mI)(I r /mI r ), which implies that m , where v ∈ I r+1 \mI r+1 is a monomial. By our assumption, v+mI r+1 = (u+mI)(w+mI r ) = uw+mI r+1 for some monomial w ∈ I r and u = x a or u = y b . Thus, v −uw ∈ mI r+1 . Suppose v −uw = 0. Then v ∈ mI r+1 , since mI r+1 is a monomial ideal. This is a contradiction. So v = uw ∈ JI r , as desired. 
Proof. The proof follows from the fact that for any two monomial ideals M, L ⊂ K[x, y] one has (ML)
In [10] Vasconcelos gives an upper bound for the reduction number of the graded maximal ideal of a standard graded K-algebra A in terms of the arithmetic degree of A. In general, if M is a finitely generated graded A-module, the arithmetic degree of M is defined to be the number
Here e(M) denotes the multiplicity of M, and mult P (M) the length of Γ P A P (M P ), where Γ P A P (M P ) = {x ∈ M P : (P k A P )x = 0 for some k}.
Applied to our situation, the result of Vasconcelos together with Lemma 1.4 gives Theorem 1.6. Let I ∈ I a,b . Then r(I) < arith-deg(F (I)).
Remark 1.7. It follows from the associativity formula for multiplicities (cf. [1, Corollary 4.7.8] ) that e(A) = arith-deg(A), if dim A/P = dim A for all P ∈ Ass(A). This is for example the case if A is Cohen-Macaulay or A is a domain.
We call a graded ideal I ⊂ K[x, y] quasi-equigenerated, if there exists a nonstandard grading of K[x, y] such that I is generated by homogeneous polynomials with respect to this grading. Thus any quasi-equigenerated monomial ideal, as defined before, is also a quasi-equigenerated graded ideal.
In the case that I is a quasi-equigenerated graded ideal, say, I = (f 1 , . . . , f m ) with deg f i = d for all i for suitable degrees of the variables, then one has
In particular, if
2. An upper bound for the monomial reduction number of quasi-equigenerated monomial ideals in K[x, y]
Let A be a finite number of integers. We denote by gcd(A) the greatest common divisor of the integers belonging to A. As a consequence of Theorem 1.6 we obtain
Proof. We first show that e(F (I)) = g/ gcd(A). Let gcd(A) = t. If t > 1, then
we get e(F (I)) = e(F (I ′ )) and gcd(A ′ ) = 1. Suppose we have the desired result for
, and hence
Thus we may assume from the very beginning that gcd(A) = 1, and have then to show that e(F (I)) = g. Let Q = Q(F (J)) be the quotient field of F (J). Since J is a reduction ideal of I, it follows that F (I) is a finitely generated F (J)-module. Therefore, Q⊗ F (J) F (I) ∼ = Q e , where e = e(F (I)), see for example [1, Corollary 4.7.9] .
Since gcd(A) = 1, there exist non-negative integers r i such that i∈A r i i ≡ j(mod g). Therefore, i∈A r i i = j + rg for some non-negative integer r. Let r = i∈A r i . Then
This proves the claim. It follows from (2) that e(F (I)) = e(F (L)). Let I ′ be the monomial ideal with
, and hence e(F (I)) = e(F (I ′ )). Let
] be the K-algebra homomorphism with
), so that
). It follows that e(F (I ′ )) = g, as desired. Now we apply Theorem 1.6, and obtain that r(I) < arith-deg(F (I)). Since I ∈ I 1 a,b it follows that F (I) is a domain. Therefore, Ass(F (I)) = {(0)}, and hence arith-deg(F (I)) = mult (0) (F (I))e(F (I)) = e(F (I)).
The upper bound for the reduction number of a quasi-equigenerated monomial ideal as given in Theorem 2.1 can be improved by using a strong result of Gruson, Lazarsfeld and Peskine [2] .
Proof. We may assume that K = C, since for monomial ideals the reduction number is independent of the base field. Then the fiber cone of I may be viewed as the homogeneous coordinate ring of an irreducible curve in P |A|−1 . By [2, Theorem 1.1], it follows that reg(F (I)) ≤ e(F (I)) − |A| + 2. In the proof of Theorem 2.1 we have seen that e(F (I)) =
. By a result of Trung [8] , one has rJ (m F (I) ) ≤ reg F (I). Thus the desired result follows from Lemma 1.4. In this section we show for any 0 ≤ j < gcd(a, b) − 1, there exists a quasiequigenerated monomial ideal I ⊂ K[x, y] with x a , y b ∈ G(I) and r(I) = j. We also classify the quasi-equigenerated monomial ideals with smallest positive reduction number, namely reduction number 1, and those with maximal reduction number.
Proof. For the proof of the theorem we have to show that I j+1 = JI j and I j = JI j−1 , where J = (x a , y b ). Equivalently, (i) (j + 1)A = {0, g} + jA, and (ii) jA = {0, g} + (j − 1)A. Proof of (i): It is obvious that {0, g} + jA ⊆ (j + 1)A. So it is enough to show that (j + 1)A ⊆ {0, g} + jA. In other words, we have to show: given r i ∈ A for i = 1, . . . , j + 1, then there exist r
If for some i we have r i = 0 or r i = g, then the assertion is trivial. Hence for the rest of the proof we may assume that r i = 0, g for all i.
We consider different cases.
Case 1: There exist k = ℓ with r k = 1 and r ℓ = 1. We may assume r 1 = 1 and r 2 = 1. Then j + 1 ≤ r 2 < g, and it follows that
Since r 2 < g, it follows r 2 + 1 ∈ A, so that r is the sum of j elements belonging to A. Case 3: r i = 1 for all i. Then j + 1 ≤ r i < g for all i. Suppose there exist k = ℓ with r k + r ℓ ≤ g, say k = 1 and ℓ = 2, then r = (r 1 + r 2 ) + r 3 + · · · + r j+1 , and we are done because r 1 +r 2 ∈ A. So in the sequel we may assume that r k +r ℓ > g for all k = ℓ.
We may assume k = 1 and ℓ = 2, and then we get
Since (r 1 + r 2 ) − g ∈ A, we see that r ∈ g + jA.
we assume that i = 3, and then r = (r 1 + r 2 − j) + (r 3 + 2) + (r 4 + 1) + · · · + (r j+1 + 1).
Since all summands on the right hand side belong to A, we are done in this case.
If there exists no i such that r i ≤ g − 2, then r i = g − 1 for all i, and hence 2g − 2 = r 1 + r 2 ≤ g + j. This implies that g ≤ j + 2. On the other hand j + 1 ≤ r 1 = g − 1. Therefore, g = j + 2, and
+1.
Since g − 3 = j − 1, it follows that r ∈ g + jA, and the proof of (i) is completed.
Proof of (ii): We claim that j ∈ jA \ ({0, g}
The next result classifies all quasi-equigenerated monomial ideal with reduction number 1.
Since r(I) = r(I A ′ ) by Lemma 1.5, it suffices to show that r(I A ′ ) = 1 if and only if
Hence we may as well assume that gcd(A) = 1 and we show that r(I) = 1 if and only if
This shows that r(I) = 1, since g > 1.
Conversely, suppose r(I) = 1. Then I 2 = JI, where
is a subgroup of Z/(g). Since gcd(A) = 1, there exist z i ∈ Z such that 1 = i∈A z i i. Hence, 1+gZ = i∈A z i (i+gZ) ∈Ā, and soĀ = Z/(g). This implies that A = [0, g]. 
Indeed, an arbitrary element of (g/k) − 2)A is of the form r 1 e + r 2 g, where 0 ≤ r 1 + r 2 ≤ (g/k) − 2. For any 0 ≤ j ≤ (g/k) − 2, let
Now we get 2 we obtain that m a (1) equals the number of divisors of a which are different from a. It follows that 1 ≤ m a (1) < a, and hence 0 ≤ m a (1)/m a < a/2 a−1 . This yields the desired conclusion. We may ask similar questions when we restrict ourselves only to 3-generated ideals. In this case we let n a be the number of all 3-generated ideals of I 1 a,a , and n a (j) be the number of all 3-generated ideals of I 
On the monomial reduction number for monomial ideals with 3 generators
In this section we study the reduction number of ideals I ∈ I a,b which are generated by 3 elements. Let I be such an ideal. Then I = (x a , y b , x c y d ) and 0 < c < a, 0 < d < b and ad + bc ≥ ab.
Let g = gcd(a, b). It follows from Proposition 3.3 that
Now we consider the case that I is not necessarily quasi-equigenerated. Let, as before,
We set
The following result characterizes the reduction number of I p .
Proposition 4.1. With the assumptions and notation introduced we have
Proof. We first show that
Indeed, I p = J + L, where L = (u p ), and hence
. Hence in this case k is not minimal with the property that u
. Therefore, i = 0, and the desired result follows.
Note that (Z 2 , <) is a partially ordered set, with (e, f ) < (g, h) ⇔ e < g and f ≤ h, or e ≤ g and f < h.
The characterization of the reduction number given in Proposition 4.1 can be phrased as follows: Let k be the smallest positive integer for which there exist positive integers k 1 and k 2 such that
Then r(I p ) = k − 1. The following corollary says that for any a, b, the extremal values 1 and min{a, b}− 1 for r(I p ) are attained for suitable p. Proof. Let p = (1, b − 1). By Proposition 4.2, r(I p ) ≤ a − 1. We must show that for any integer k < a we have (xy
The second inequality implies that i < k, and then the first inequality implies that a ≤ k, a contradiction.
We . For example, R (7, 10) [1, 6] , because 5 ∈ R (7, 10) .
It seems to be difficult to determine all pairs of positive integers (a, b) for which R (a,b) = [1, min{a, b} −1]. However, in the next result we show that if min{a, b} > 2, then the set of reduction numbers {r(
. Here L 0 is the line segment connecting (a, 0) with (0, b). Indeed, we have
Proof. (a) Suppose r(I p ) ≥ a/2. Then (3) implies that a/2 ≤ g/ gcd(cg/a, g) − 1, where g = gcd(a, b). Since g ≤ a it follows that gcd(cg/a, g) = 1. This implies that a/2 ≤ g − 1. Let a = a ′ g with a ′ a positive integer. Then (a ′ g)/2 < g, and hence a ′ /2 < 1. Therefore, a ′ = 1, and so a = g, a contradiction. (b) Suppose r(I p ) = a−2. Then a > 2 and a−1 = g/ gcd(cg/a, g), a contradiction because a − 1 does not divide a.
Let as before, a ≤ b. The next result shows that in general (a − 1) − |R (a,b) | can be as big as we want. Indeed, we have . For the proof it is enough to show that there exist integers j, k > 0 with j + k ≤ p−1 2 such that either
) − (j + k)] + pk + p. Indeed we should find j and k such that (i)
Suppose first that i is an even number. Then we choose j =
′ and (iv) ′ hold. Now suppose that i is odd. Set j = ( . Therefore, |R (p,p) | ≤ (p − 1)/2 + 1. This yields the desired conclusion.
In contrast to the previous result we have (ii) implies that r ′ ≥ ri, and by (i) we obtain that i = 0. Hence, r ′ ≥ r, as desired.
On the reduction numbers of a monomial ideal and its quasi-equigenerated part
Let I ∈ I a,b . By the definition of I a,b , we have ν(u) ≥ 1 for all u ∈ I, where ν(u) = (ad + bc)/ab, see Section 1. The quasi-equigenerated part I 0 ∈ I 1 a,b of I is defined to be the monomial ideal generated by all u ∈ G(I) with ν(u) = 1. 
In Proposition 4.2 it is shown that r(I
In particular, r(I 0 ) ≤ r(I).
Proof. Let u ∈ G(I k 0 ) and suppose that u ∈ G(JI k−1 ). We have to show that u ∈ G(JI
). We can write I = I 0 + I 1 , where I 1 is generated by the monomials x c y d ∈ G(I) such that bc + ad > ab, then
This implies that G(JI
Then, by using again (i) and (ii), it follows that ν(u) > k, a contradiction.
In the following special case, the reduction number of I is determined by the reduction number of its quasi-equigenerated part. 
Proof. We have r(I) = 1, if and only if I 2 = JI. This is the case if and only if for all monomials u p , u q ∈ I \ J, it follows that u p u q ∈ JI. , b) , and u p u q = x a u where u = x c−a y d . Hence u p u q ∈ JI if and only if u ∈ I. . We observe that u 2 = x 4 (x 2 y 6 ). Therefore, any ideal of reduction number 1 containing I 1 must contain x 2 y 6 . Now consider I 2 = (x 4 , y 8 , u p 1 , u p 2 ), where u p 2 = x 2 y 6 . Then it can be checked that r(I 2 ) = 1, as desired.
In the next theorem we describe for any 3-generated monomial ideal I ⊂ K[x, y] for which (x a , y b ) is the monomial reduction ideal, the unique smallest monomial ideal L with I ⊆ L and r(L) = 1. 
is the unique smallest monomial ideal containing I such that r(L) = 1.
Proof. In the first step we show that r(L) = 1.
First we claim that
For proof of claim, we consider ibc = r i ab + c i b and iad
It means r i + s i ≥ i − 1, and the claim is proved.
Next we show that p i ∈ D a,b for i = 1, . . . , k−1. Indeed, for i = 1, . . . , k−1 we have r i + s i = i − 1, by (6) and the definition of k. Therefore, the equations ic = r i a + c i and
Now we prove that u p i u p j ∈ JL for i, j ≤ k − 1. This then shows that r(L) = 1. We have 
Now let i + j ≥ k. By (6) and the definition of k, it follows r i + s i = i − 1 and r j + s j = j − 1. and hence r i + r j + 1 + s i + s j = i + j − 1. Thus it suffice to prove the following claim ( * ) Let h ≥ k and r h + s h = h − 1. Then u p h ∈ L.
Let h = k + l. Since r k + s k ≥ k, it follows that l > 0. we have
and on the other hand
Comparing (7) with (8), we see that
because r k + s k ≥ k and r l + s l ≥ l − 1, due to our assumption on k and due to (6) . This implies that r k + s k = k and r l + s l = l − 1. (9) We also observe that
As before, r k + r l + 1 ≤ r h and s r + s l ≤ s h . Therefore,
Let {h 1 , h 2 , . . . , } be the set of integers > k with the property that h 1 < h 2 < · · · and r h i + s h i = h i − 1 for all i. Now we prove ( * ) by induction on i. (9) . Since h 1 is the smallest element ≥ k for which such an equation holds, it follows that l 1 < k. Therefore, u p l 1 ∈ L. Thus (10) implies that u p h 1 ∈ L Now let i > 1, then l i < k or l i > k. If l i < k, then as before we have that u p h i ∈ L, and if l i > k, then there exists j < i such that h j = l i because l i < h i and r l i + s l i = l i − 1. By induction hypothesis it follows that u p l i = u p h j ∈ L. Again by using (10), we conclude that u p h i ∈ L.
In the second step we show that L is the smallest monomial ideal with r(L) = 1 containing I. Let L ′ be the unique smallest monomial ideal with r(
, and hence we have equality. The induction begin is trivial, because p 1 = p and 
Monomial reductions and powers
In this part we study the reduction numbers of powers of ideals which belong to I a,b .
The following inequalities are an immediate consequence of a more general result due to Hoa [4, Lemma 2.7] , applied to our situation. These inequalities imply that r(I k ) ≤ r(I) for all k. We even expect that
The inequalities (11) imply in particular that if r(I k 0 ) = 1, then r(I k ) = 1 for k ≥ k 0 . For I ∈ I 1 a,b we can show this without using (11). (a) r(I k ) = 1 for some k.
Proof. (i): Note that I k = I kA . Since gcd(A) = 1, we have gcd(kA) = 1. Therefore, Theorem 3.2 implies that
(a) ⇒ (b): Let r(I k ) = 1, and assume that 1 ∈ A. Then 1 ∈ kA, contradicting (12). By symmetry it also follows that g − 1 ∈ A.
(b) ⇒ (c): By (12), we have to show that kA
We prove (13) by induction on k. For k = 1, the assertion is trivial. Now assume
In particular, (13) implies that kB
(c) ⇒ (a) is trivial. Proof. Let F (I) be the fiber cone of I. Since I is equigenerated it follows that F (I) ∼ = K[{u : u ∈ G(I)}]. Since g = a, Theorem 7.2 implies that r(I k ) = 1 for some k if and only if {0, 1, a−1, a} ⊂ A. Thus, G(I) = {f 1 x, f 1 y, g 1 , . . . , g r , f 2 x, f 2 y}, where f 1 = x a−1 , f 2 = y a−1 and the g i are monomials of degree a, Therefore, the hypotheses of [3, Theorem 1.1] are satisfied, and we get reg(F (I)) ≤ a − 2. Hence the desired conclusion follow from Theorem 1.6. In other words, we need i ≤ i(g − j − 1) for all 0 ≤ i ≤ j − 1. Indeed, this is satisfied, since j ≤ g − 2. So (i) is proved.
Proof of (ii): Suppose that Proof. Suppose first that xy a−1 , x a−1 y ∈ I. Then xy a−1 , x a−1 y ∈ I A . Therefore, r(I ka for all k ≥ a − 2. Since I k A ⊆ I k , we also have I k = (x, y) ka .This gives us r(I k ) = 1 for all k ≥ a − 2. Next assume that xy a−1 / ∈ I or x a−1 y / ∈ I. Then xy a−1 / ∈ I A or x a−1 y / ∈ I A , and so Theorem 7.2, implies that r(I 
